Decoherence, wave function collapses and non-ordinary statistical mechanics 
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We consider a toy model of pointer interacting with a 
1/2-spin system, whose a x variable is measured by the envi- 
ronment, according to the prescription of decoherence theory. 
If the environment measuring the variable a x yields ordinary 
statistical mechanics, the pointer sensitive to the 1/2-spin sys- 
tem undergoes the same, exponential, relaxation regardless of 
whether real collapses or an entanglement with the environ- 
ment, mimicking the effect of real collapses, occur. In the 
case of non-ordinary statistical mechanics the occurrence of 
real collapses make the pointer still relax exponentially in 
time, while the equivalent picture in terms of reduced density 
matrix generates an inverse power law relaxation. 
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Decoherence theory was born in 1970 with the seminal 
work of Zeh |IJ and grew up with the work of Zurek and 
others over the following decades. It is now regarded to 
be a theory so robust as to make Tegmark and Wheeler 
H claim that it renders obsolete the hypothesis of wave 
function collapses made by the founding fathers of quan- 
tum mechanics. The main purpose of this paper is to 
prove that this claim is correct only in the case when 
decoherence is caused by interactions compatible with 
ordinary statistical mechanics. If we move from the con- 
dition of exponential relaxation, which is the key prop- 
erty of ordinary statistical mechanics, to the condition of 
inverse power law relaxation, the statistical equivalence 
between wave-function collapses and decoherence is lost. 
To show this basic property, let us consider the following 
toy Hamiltonian 

H T = GZ z a x + H a , (1) 

where 

V 

H a = --j=a z + ga x rj + H B . (2) 

We have a 1/2-spin system, characterized by the Pauli 
matrix X, called pointer, interacting with a 1/2-spin sys- 
tem, characterized by the Pauli matrix tr, and called sys- 
tem of interest. The system of interest undergoes an in- 
teraction with a bath, through a variable r\, driven by the 
Hamiltonian Hb- The density matrices of the pointer 
and of the system of interest are called and p a , re- 
spectively. The former is obtained from a contraction 
over the degrees of freedom of the system of interest, and 



of its bath as well. The latter requires a contraction over 
the pointer degrees of freedom as well as on the bath of 
the system of interest. This bath is assumed to be much 
faster than the pointer and, as a consequence, the time 
evolution of o~ x is virtually independent of the pointer 
dynamics. 

First of all, we show that in the special case where the 
correlation function of the fluctuation r\ is exponential, 
the two pictures, wave-function collapses and decoher- 
ence, yield the same statistical result. This supports the 
point of view of the advocates of decoherence. Then, 
we create a condition of anomalous statistical mechan- 
ics, by modulating the Hamiltonian H a in such a way 
as to create a significant departure from ordinary expo- 
nential relaxation. In this case, we show that the two 
perspectives yield quite different results. In a sense, the 
decoherence theory is not contradicted, in so far as the 
pointer density matrix becomes diagonal in the basis set 
of the pointer eigenstates. However, this happens via ei- 
ther an exponential relaxation, if the system of interest 
undergoes real collapses, or through an inverse power law 
decay, if no real collapses occur. 

The case of wave-function collapse in the Markovian 
case was already discussed in an earlier publication ||, 
where it was proved that the bath of the system of in- 
terest, making measurements with frequency 1/r, where 
t = (l/2)[h 2 /(g 2 (ri 2 )T ri )] Q and r ?) is the correlation time 
of i], results in a sequence of symbols such as +,+,+,-,- 
This is so because the observable a x has the eigen- 
states \+} x and \—) x , with the eigenvalues 1 and —1, re- 
spectively. The inphasing term —Vo~ z /^/2 forces the sys- 
tem of interest to stay in a superposition of both states, 
with the form 

\4>(t)) = \+) x cos(ujt + 4>) - i\-) x sinM + 4>). (3) 

If the first measurement is done at t = 0, and the sys- 
tem of interest makes an instantaneous collapse into \+) x , 
for instance, then the subsequent time evolution of the 
system of interest is given by Eq.(||) with = 0. We 
set the condition r«l/w (overdamped condition) , with 
u> = V/\/2Ti. This means that the next measurement, 
occurring at t — r, will probably make the system col- 
lapse into \+) x again. In fact, the overdamped condition 
makes it possible for us to evaluate the probability of col- 
lapse into |— ) x by Taylor series expansion of sin(W), and 
this yields, for the probability of the system to collapse 



1 



into \—) x , the value (wt) 2 <C 1- This is a small, but non- 
vanishing, quantity. Thus, sooner or latter the system 
of interest will collapse into |— ) x . If it does, it will keep 
collapsing into \—) x several more times. The distribution 
of waiting times in either of these two states is expressed 

by | 

^(t) = |exp(-^), with 1 = 2uj 2 t. (4) 

Note that this picture in terms of wave function collapses 
is compatible with the Lindblad equation || that reads 

^p a = L a p a (t) = -iu[a z ,p a ] - ^-[<r x , Wx,Pa]}- (5) 



It is important to notice that 

K(t) = MoK(t)) 



(6) 



Neumann entropy increases with a rate identical to the 
Kolmogorov-Sinai (KS) entropy. Since the KS entropy is 
a trajectory property and the von Neumann entropy is 
a density property, this equivalence supports the claim 
that decoherence theory makes the real existence of 
wave-function collapses unnecessary. 

Let us establish an even deeper support for this claim, 
by studying the pointer dynamics. Let us suppose that 
the initial pointer state is 



\Uh = 



•01- 



(10) 



with \+}z and \—) z denoting the eigenstates of S z , with 
eigenvalues 1 and —1, respectively. The reduced density 
matrix of the pointer, ps{t), is the sum of a diagonal, D, 
and of an off-diagonal part, Q, as follows: 



p TS (t) = D(t) + Q(t) i 



(11) 



can be evaluated, with no assumption of wave-function 
collapses, from Eq. (|J). In the specific case when the 
overdamped condition applies, the operator L„ has vir- 
tually only two eigenstates, namely and 7, and it is 
easy to prove that 



$ CT (i) = exp(-Tt). 



(7) 



On the other hand the renewal theory || allows us to 
establish a connection between the waiting time distri- 
bution ip(t) and the correlation function $£(t) of the se- 
quence of eigenvalues £ (t) of a x , generated by the wave- 
function collapses. We have 



(8) 



The mean value (t) is the mean waiting time determined 
by ip r (t). The Laplace transform of ?/v, rp r (s), is related 
to the Laplace transform of ip(t), V>(s), by |t]] 



Ms) = 2 



(9) 



This is so because the renewal theory implies a random 
choice of sign at the end of the laminar region, namely 
i/j r (t), while i/j(t) refers to the alternated sign condition. 
It is straightforward to show that ip r (t) = 7exp(— jt), 
(t) = I/7 and $f(t) = exp(— 7*) = $<r(i), the latter 
equality being another manifestation of the equivalence 
between decoherence theory and wave-function collapses. 
A further significant aspect of this equivalence has been 
pointed out in Ref . || . These authors discussed a phys- 
ical condition equivalent to the Hamiltonian of Eq. (2), 
and studied the transition process from an initial out- 
of equilibrium condition with (+| x P<7-(0)|+)a; being the 
only non- vanishing component of the reduced density ma- 
trix, to the final equilibrium, with the two states \+) x 
and \—) x equally populated. They found that the von 



with 



and 



D(t) = \af\+) z (+\ z + \f3\ 2 \-) z (-L 



(12) 



Q(t) = pa*\-) z (+\zR(t) + a/3*\+) z (-\ z R*(t). (13) 
The pointer relaxation R(t) is given by 



R(t) = (rexp r^ x (t) 
where T denotes time ordering and 



x(t)= / a x {t')dt' 
Jo 



with 



a x (t) = exp ( -^Hat) ^exp (-—H^t 



(14) 



(15) 



(16) 



If the interaction between system of interest and its bath 
causes the wave-function collapses of the system of in- 
terest, then the time evolution of <r x (t) becomes a clas- 
sical fluctuation holding either the value £ = +1 or 
£ = — 1 and x(t) becomes a classical random walk trajec- 
tory driven by the diffusion equation 



d (£ 2 ) d 2 

g- f p(x,t) = — — p( x ,t). 



(17) 



In this case with standard Gaussian integration Eq.(|14|) 
yields 



(18) 



On the other hand, if we do a quantum calculation with 
no wave-function collapse assumption, for the only pur- 
pose of determining the time evolution of the reduced 
density matrix ps(t), we obtain the Lindblad form M 
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8 p s = 2^$ CT (0)[S zPs (t)E z - px(t)}, (19) 
n 



Of 



where &<r(s) denotes the Laplace transform of the corre- 
lation function of Eq. (]?]) 

By evaluating the Laplace transform of this correla- 
tion function at s = and plugging it in Eq.(pj|), we 
obtain for R(t) the same expression as that of Eq.(18), 
thereby giving an even stronger support to the claims of 
the advocates of decoherence. The pointer variable E 2 
is measured by the 1/2-spin system. Consequently, the 
pointer density matrix becomes diagonal in the basis set 
of the two eigenstates of this variable. Moreover, the 
corresponding relaxation process is the same exponential 
relaxation, regardless of whether the 1/2-spin system has 
been made to collapse or not, by its thermal bath. 

We prove now that the condition of complete equiv- 
alence between wave-function collapses and decoherence 
theory is lost in the case of anomalous statistics. To sim- 
ulate a condition of anomalous statistical mechanics, as 
done recently by Beck we modulate the exponential 
rate with a very slow fluctuation that has the effect of 
changing the exponential relaxation into an inverse power 
law. This means that the Hamiltonian H a of Eq.(||) must 
be replaced by the Hamiltonian H a £, defined by 

H aX = -^=a z + g(C)a xV + H B ( Vl () + H c , (20) 

where we introduce an interaction with a slow modulat- 
ing environment, driven by the Hamiltonian Hq, so as 
to create a distribution of 7, rather than a single 7, cor- 
responding to ordinary statistical mechanics, and to the 
exponential functions of Eqs.(Q) and (||). We set, for the 
time scales t«, r CT , tq and rg, of the fluctuation 77, of the 
1/2-spin system, of the modulating variable Q, and of the 
pointer, respectively, the important condition 



T v < T a < TQ < T E . 



(21) 



To make a quantum mechanical prediction in general it 
is necessary to establish the form of the correlation func- 
tion <& a (t). Thus, to make a prediction without using the 
wave-function collapse assumption, we must establish the 
form that &a(t) gets in this anomalous case. To assign 
to this correlation function a simple analytical form, we 
choose for the equilibrium distribution of 7 the following 
form @1 



Peqil) 



r( M -i) 



7^ 2 exp(- 7 T). 



(22) 



Actually, we assume the ergodic condition to apply, and 
consequently the correlation function &cr(t) can also be 
evaluated through an average in time, as follows: 



$ CT (t) = lim ^ / exp[-~/(t')t]dt' , 

L— >og J_j J 



(23) 



thereby implying that the time spent in a physical con- 
dition characterized by a given value of 7 is proportional 
to p eq (j)/(j(l/j)). Thus, we evaluate the integral of 
Eq.(E3T) by using the following prescription 



7/ IV -1)7 7 



r 



(24) 



At this stage it is straightforward to prove that the cor- 
relation function &a(t) gets the inverse power law form: 



T 



t + T 



with j3 = p — 2. 



(25) 



We focus our attention on a condition as far as pos- 
sible from that of ordinary statistical mechanics. This 
condition is naturally given by 



< (3 < 1, 



(26) 



which makes the correlation function $<r(i) non inte- 
grate. This has deep consequences. Notice that the 
physical condition that we are considering corresponds 
to a slow modulation of the two-state operator enforced 
by the overdamped condition. Thus, it is is easy to prove 



that in this case Eq.(19) has to be replaced by the more 
general form: 



d_ 

lit 



pv=k f dt'<$> a {t - t')lZ z px(t')Z z - pv{t% (27) 
Jo 



with k = 2G 2 /h 2 . This non-Markovian equation yields 
for the relaxation R(t) of the pointer the following equa- 
tion of motion: 



dR 
~dt 



k / $ a (t-t')R(t')dt'. 



(28) 



The Laplace transform of R(t), R(s) is connected to the 
Laplace transform of & a (t), & a (s), by 



R(s) = 



s + fc$ CT (s) 



(29) 



Using a method based on fractional derivatives, detailed 
in Ref. M, we show that in the limiting case s — > 0, 



r(i - 0) 

(sT) 



1-/3 



1 



(30) 



We remind the reader that we are considering the condi- 
tion of Eq. (p5|). In this case $<j(s) diverges for s — ► 0. 
This means that s in Eq. ( p9] ) can be neglected and 
Eq.© yields 



R(s) 



1 jsT) 1 -? 

kfr(i-p)' 



(31) 
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Using the Tauberian theorem |10|, we arrive at the main 
conclusion that in the time asymptotic limit (t — > oo) 



R(t) oc 



t 2-0- 



(32) 



What about the case when wave-function collapses oc- 
cur? If they do occur, the important property to evaluate 
becomes the waiting time distribution ip r (t). According 
to the modulation prescription, this important function 
turns out to be given by 



T(ji - 1 



-7^ 2 exp(-7T)7exp(-7i). (33) 



Notice that it is straightforward to prove that this waiting 
time distribution reads 



Vv(i) = (M-l) 



(t + ry 



(34) 



which is related to the correlation function of Eq. (^5|) by 
the renewal theory prescription of Eq.(^). This means 
that the correlation function (t) of the fluctuations 
created by the wave-function collapses is identical to the 
quantum mechanical correlation, evaluated without us- 
ing the collapse assumption. This is apparently a very 
reassuring condition for the advocates of the decoherence 
theory. In fact, it generates the impression that even in 
this case the direct use of the wave-function collapses is 
unnecessary. 

It is not so. The fact that the existence of trajectories 
enforces the use of ip{t) rather than that of & a (t) = &z(t), 
has impressive consequences, in this case. The important 
relation of Eq.(|l4|), if wave- function collapses occur, be- 
comes identical to the characteristic function (exp(ikx))t 
of the corresponding diffusion process, determined by the 
the waiting time distribution i/j(t). In this case, the wait- 
ing time distribution has the form of Eq. (|34"|). We re- 
mind the reader that we are referring ourselves to the case 
where the condition 2 < /i < 3 applies. This means that 
the second moment of the waiting time distribution ip(t) 
is divergent. We cannot use the ordinary central limit 
theorem to evaluate this characteristic function. We can, 
however, use the generalized central limit theorem 
and, following Ref. 0-0, we obtain 



R(t) = cxp(-b\K\^-H), 



where K = 2G/H and b = T^ 2 sin[7r(^ - 2)/2]r(3 - /u). 
In conclusion, in the case of anomalous statistical me- 
chanics, the pointer relaxation turns out to be exponen- 
tial or an inverse power law, according to whether wave 
-function collapses do or do not occur. 

This is a striking result since it implies that a real ex- 
periment might make it possible to assess if wave-function 
collapses occur or not. If the experiment assessed the 



power law nature of the pointer relaxation, it would con- 
firm the validity of quantum mechanics in a condition 
where the equivalence between decoherence theory and 
wave-function collapses is broken. If, on the contrary, 
the experiment yielded for the pointer an experimental 
relaxation, this would support the existence of real wave- 
function collapses, and these wave-function collapses, in 
turn, could not be entirely attributed to an environmen- 
tal effect. This is an issue of fundamental importance 
that might be resolved by means of real experiments, 
since there are currently realistic projects, for instance 
the cantilever experiment of Ref. jl5j with pointers (the 
cantilever) sensitive to the fluctuations of also a single 
spin. 
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